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The introduction of nonlinearity alters the dispersion of elastic waves in solid media. In this
paper, we present an analytical formulation for the treatment of finite-strain Bloch waves in one-
dimensional phononic crystals. Considering longitudinal waves, the exact dispersion relation in
each homogeneous layer is first obtained and subsequently used within the transfer matrix method
to derive an approximate dispersion relation for the overall periodic medium. The result is an
amplitude-dependent elastic band structure that may be used to elucidate the interplay between
the waveform steepening and spreading effects that emerge due to the nonlinearity and periodicity,
respectively. For example, for a wave amplitude on the order of one eighth of the unit-cell size
in a demonstrative structure, the two effects are practically in balance for wavelengths as small as
roughly three times the unit-cell size.
I. INTRODUCTION
I.1. Phononic materials
Phononic materials are elastic materials with pre-
scribed phonon wave propagation properties. While the
term “phonon” is formally used in the physical sciences
to describe vibration states in condensed matter at the
atomic scale, in the present context we use it to broadly
describe elastic wave propagation modes. Like crystalline
materials, a phononic material has local intrinsic proper-
ties and is therefore mathematically treated as a medium
that is spatially extended to infinity. Compared to a ho-
mogeneous and geometrically uniform elastic continuum,
a phononic material exhibits rich and unique dynami-
cal properties due to the presence of some form of non-
homogeneity and/or non-uniformity in either an ordered
or disordered manner. In the ordered case, phononic ma-
terials are constructed from a repeated array of identi-
cal unit cells which enables the calculation of the elas-
tic band structure for a given topological configuration.
This direct exposure, and access, to the inherent dynami-
cal properties of phononic materials has vigorously char-
tered a new direction in materials physics, at a multi-
tude of scales, and has already begun to impact numerous
applications ranging from vibration control [1], through
subwavelength sound focusing [2] and cloaking [3], to re-
ducing the thermal conductivity of semiconductors [4]. A
discussion of applications and references are provided in
Refs. [5–7], and recent special journal issues on the topic
assemble some of the latest advances in the field [8].
I.2. Elastic wave dispersion in the presence of
nonlinearity
The majority of theoretical investigations of wave mo-
tion in elastic solids are based on linear analysis, that
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is, linear constitutive laws and linear strain-displacement
relationships are assumed (see Refs. [9] and [10], and
references therein). The incorporation of nonlinear ef-
fects, however, gives rise to a broader range of physi-
cal phenomena including amplitude-dependent wave mo-
tion [11, 12]. Finite-strain waves in elastic solids is
a subset among the broader class of nonlinear waves.
From a mathematical perspective, a formal treatment
of finite strain requires the incorporation of a nonlin-
ear strain tensor in setting up the governing equations
of motion. Regardless of the type of nonlinearity, a com-
mon analysis framework has been one in which the dis-
persion is viewed to arise linearly, e.g., due to the pres-
ence of a microstructure or geometrical constraints, and
that such dispersion may be balanced with nonlinear ef-
fects to allow for the generation of nonlinear traveling
waves of fixed spatial profile such as shock waves and
solitons [12, 13]. In contrast to this dispersion/non-
linearity balancing framework where the focus is on find-
ing these special types of waves and characterizing the
amplitude-dependence, or wave-number-dependence, of
their speeds, it has recently been shown that nonlinearity
in itself may cause dispersion without the need for a lin-
ear dispersive mechanism [14]. This perspective provides
a motivation to derive dispersion relations that inherently
embody the effects of the nonlinearities on the dispersion,
i.e., amplitude-dependent relations for general wave mo-
tion that encompass both the speed (or frequency) and
the wave number.
In the context of nonlinear phononic materials, there
are several studies that follow the premise of Bloch wave
propagation analysis. These include investigations on
systems exhibiting material nonlinearity, analyzed using
the method of multiple scales [15], perturbation analysis
[16], the harmonic balance method [17], and the transfer
matrix (TM) method in conjunction with a perturbation
technique [18]. The effects of nonlinearity on the dynam-
ics of periodic materials has also been explored in the
context of atomic-scale models incorporating anharmonic
potentials; see, for example, a recent study focusing on
phonon transport [19]. Concerning finite-strain disper-
sion in a layered elastic medium, this was recently in-
2vestigated by Andrianov et al. [20] via a homogenization
approach whereby the periodic unit cell was first homoge-
nized as a linear medium and subsequently a finite-strain
dispersion relation was derived for the averaged medium.
This approach therefore does not retain the periodic char-
acter in the derived dispersion relation. On the experi-
mental track, numerous studies have been conducted in
recent years on nonlinear wave phenomena particularly
in periodic granular chains, e.g., [21]. It is evident that
the effects of nonlinearity in phononic/granular materi-
als could be utilized to enrich the design of devices in
numerous engineering applications, such as for shock mit-
igation [22], tunable wave filtering [16], focusing [23] and
rectification [24].
I.3. Overview
In this paper, we present a theoretical treatment of
elastic wave motion in phononic materials in the presence
of nonlinearity, specifically the type arising from finite
elastic strain. We consider phononic crystals, which is a
class of phononic materials in which the prime dispersion
mechanism is Bragg scattering [25]. For ease of exposi-
tion, we focus on a one dimensional (1D) layered material
model admitting only longitudinal displacements (which
may also be viewed as a model for a periodic thin rod).
Since the TM method provides the backbone of our ap-
proach, we first briefly overview it, in conjunction with
Bloch’s theorem [26], for the exact analytical analysis of
simple 1D linear phononic crystals (Section II). We then
review the treatment of geometric nonlinearity, i.e., finite
strain, in the context of a homogeneous medium (Section
III.1). In Section III.2, we combine the previous deriva-
tions, that is, we allow the finite-strain dispersion relation
for a homogeneous medium to represent the motion char-
acteristics in a single layer of a periodically layered 1D
phononic crystal and subsequently incorporate this rela-
tion into the TM formalism. While the finite-strain dis-
persion within each layer is exact, the dispersion relation
we obtain for the overall 1D phononic crystal represents
an approximate solution. Finally, we use our formula-
tion to investigate the effects of geometric nonlinearity
on the elastic band structure and Bloch mode shapes as
a function of the amplitude of motion.
II. WAVE PROPAGATION IN 1D LINEAR
PHONONIC CRYSTALS
Bloch’s theorem [26] provides the underlying mathe-
matical framework for obtaining the elastic band struc-
ture (i.e., dispersion curves) for a phononic crystal.
There are several approaches for applying the theorem
to a unit cell modeled as a continuum. In this work we
utilize the TM method, which is described briefly below
(for more details, see Hussein et al. [27]).
We begin our dynamic analysis of a phononic crystal
with the statement of the equation of motion. As men-
tioned earlier, we restrict ourselves to a 1D model, e.g.,
a thin rod, for which the equation of motion is
(Eu,x),x = ρu,tt, (1)
where x, t, u = u(x, t), E = E(x) and ρ = ρ(x) de-
note the position, time, displacement, material Young’s
modulus and material density, respectively.
Equation (1) may be used to study the propagation
of elastic waves in various 1D media. In particular, if
we have a homogeneous, linearly elastic 1D rod of infi-
nite extent (having no boundaries at which waves may
reflect), then we may apply a plane wave solution of the
form
u(x, t) = Aei(κx−ωt), (2)
where A is the wave amplitude, κ is the wave number,
ω is the temporal frequency of the traveling wave, and
i =
√−1. Substituting Eq. (2) into Eq. (1) provides the
linear dispersion relation
Eκ2 = ρω2. (3)
This approach may also be applied to heterogeneous
media provided the heterogeneity is periodic. In this
case, we refer to Eq. (2) as Bloch’s theorem (where
A = A(x, κ)), and it suffices to analyze only a single
unit cell representing the unique segment that is repeated
to generate the periodic medium and to apply periodic
boundary conditions to this segment. In Fig. 1, we
present a simple bi-material model of a 1D phononic crys-
tal in the form of a layered periodic rod (where the unit
cell is enclosed in a red dashed box). The spatial lat-
tice spacing of the 1D phononic crystal is denoted by the
constant a.
For an arbitrary homogeneous layer j in the unit cell,
the associated material properties, which are constant,
are denoted as E(j) and ρ(j). The longitudinal velocity
in layer j is therefore c(j) =
√
E(j)/ρ(j). The layer is
bordered by layer j− 1 on the left and layer j+1 on the
right. Denoting the thickness of an arbitrary layer by
d(j), the cell length is a =
∑n
j=1 d
(j) for a unit cell with
n layers. Following this notation, the solution to Eq. (1)
is formed from the superposition of forward (transmitted)
and backward (reflected) traveling waves with a harmonic
time dependence,
u(x, t) = [A
(j)
+ e
iκ(j)x +A
(j)
−
e−iκ
(j)x]e−iωt, (4)
where κ(j) = ω/c(j) is the layer wave number. The spatial
components of Eq. (4) may be written along with those
of the stress,
σ = Eu,x, (5)
in compact form as[
u(x)
σ(x)
]
=
[
1 1
iZ(j) −iZ(j)
] [
A
(j)
+ e
iκ(j)x
A
(j)
−
e−iκ
(j)x
]
= Hj
[
A
(j)
+ e
iκ(j)x
A
(j)
−
e−iκ
(j)x
]
, (6)
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FIG. 1. Continuous model of a 1D two-phased phononic crystal viewed as a periodic thin rod.
where Z(j) = E(j)κ(j). There are two conditions that
must be satisfied at the layer interfaces: (1) the continu-
ity of displacement and (2) the continuity of stress. This
allows for the substitution of the relation x
(j)
R = x
(j)
L +d
(j)
(where x
(j)
R and x
(j)
L denote the position of the right and
left boundary, respectively, of layer j) into Eq. (6) and
thus relating the displacement and stress at x
(j)
L to those
at x
(j)
R . Subsequently, by setting x = x
(j)
L in Eq. (6), we
get[
u(x
(j)
R )
σ(x
(j)
R )
]
=HjDjH
−1
j
[
u(x
(j)
L )
σ(x
(j)
L )
]
=Tj
[
u(x
(j)
L )
σ(x
(j)
L )
]
,(7)
where
Dj=
[
eiκ
(j)d(j) 0
0 e−iκ
(j)d(j)
]
, (8)
and Tj , the transfer matrix for layer j, has the expanded
form
Tj=
[
cos (κ(j)d(j)) (1/Z(j)) sin (κ(j)d(j))
−Z(j) sin (κ(j)d(j)) cos (κ(j)d(j))
]
. (9)
As previously stated, Eq. (7) relates the displacement
and stress at x
(j)
L to those at x
(j)
R of the same layer j.
However, since the construction of the transfer matrix is
valid for any layer and x
(j)
L ≡ x(j−1)R , the result in Eq.
(7) can be extended recursively across several layers. In
the interest of brevity, let y(.) = [u(.) σ(.)]T, thus,
y(xnR) = TnTn−1 . . .T1y(x
1
L) = Ty(x
1
L). (10)
Ultimately, the displacement and stress at the left end of
the first layer (x = x1L) in a unit cell are related to those
at the right boundary of the nth layer (x = xnR) by the
cumulative transfer matrix, T.
Now we turn to Bloch’s theorem, which states that
the time harmonic response at a given point in a unit
cell is the same as that of the corresponding point in
an adjacent unit cell except for a phase difference of eiκa.
This relation is given by f(x+a) = eiκaf(x), which when
applied to the states of displacement and stress across a
unit cell gives
y(xnR) = e
iκay(x1L). (11)
Combining Eqs. (10) and (11) yields the eigenvalue
problem
[T− Iγ]y(x1L) = 0, (12)
where γ = eiκa. The solution of Eq. (12), which appears
in complex conjugate pairs, provides the dispersion rela-
tion κ = κ(ω) for the 1D phononic crystal. Real-valued
wave numbers, calculated from γ using Eq. (13), support
propagating wave modes, whereas imaginary wave num-
bers, extracted from γ using Eq. (14), represent spatially
attenuating modes:
κR =
1
a
Re[
1
i
lnγ], (13)
κI =
1
a
Im[
1
i
lnγ]. (14)
III. TREATMENT OF NONLINEARITY
We now provide a theoretical treatment of finite-strain
dispersion; first we review the prerequisite problem of a
1D homogeneous medium, and follow with the derivation
for a 1D phononic crystal. In the homogeneous medium
problem, the approach is exact regardless of the ampli-
tude of the traveling wave. In the subsequent derivation
of the phononic crystal dispersion curves, the accuracy
decreases with increasing wave amplitude.
III.1. Finite-strain waves in 1D homogeneous
media
The equation of motion and finite-strain dispersion re-
lation is reviewed here for 1D plane wave motion in a bulk
homogeneous medium without consideration of lateral ef-
fects. In principle, this problem is equivalent to that of
a slender rod. In the derivations, all terms in the non-
linear strain tensor are retained and no high order terms
emerging from the differentiations are subsequently ne-
glected. The reader is referred to Ref. [14] for more
details as well as a validation of the theoretical approach
by means of a comparison with a standard finite-strain
numerical simulation of a corresponding 1D model with
finite dimensions.
III.1.1. Equation of motion
Introducing u as the elastic longitudinal displacement,
the exact complete Green-Lagrange strain field in our 1D
model is given by
ǫ =
∂u
∂s
+
1
2
(
∂u
∂s
)2, (15)
4where the first and second terms on the RHS represent
the linear and nonlinear parts, respectively, and s is the
Lagrangian longitudinal coordinate which is equal to x
in Eq. (1).
Using Hamilton’s principle, we write the equation of
motion under longitudinal stress as∫ t
0
(δT − δUe)dt = 0, (16)
where T and Ue denote kinetic and elastic potential en-
ergies, respectively. We note that no external noncon-
servative forces and moments are permitted because of
our interest in the free wave propagation problem. Fur-
thermore, the effects of lateral inertia are neglected. The
variation of kinetic energy is obtained using integration
by parts and is given as
δT = −ρA
∫ l
0
(u,ttδu)ds, (17)
where l denotes the length of a portion of the 1D medium.
Similarly, the variation of elastic potential energy is writ-
ten as
δUe =
∫ l
0
∫
A
(σδǫ)dAds, (18)
where σ is the longitudinal stress. We choose to base our
analysis on the Cauchy stress and model the stress-strain
relationship by Hooke’s law, σ = Eǫ. Using Eq. (18), and
with the aid of integration by parts, we can now write the
variation of elastic potential energy as
δUe =
∫ l
0
{1
2
EAh(h2 − 1)δu′}ds, (19)
where u′ = du/ds = u,s, and h is an agent variable de-
fined as
h = 1 + u′. (20)
Substitution of Eqs. (19) and (17) into Eq. (16) produces
the exact finite-strain equation of motion as
ρAu,tt =
1
2
EA(3h2 − 1)u′′. (21)
If the longitudinal deformation is infinitesimal, then u′ is
small and from Eq. (20), h ≈ 1. Substitution of h = 1
into Eq. (21) leads to
ρAu,tt = EAu
′′, (22)
which is the equation of motion describing infinitesimal
longitudinal deformation.
III.1.2. Dispersion relation
Using Eq. (20), we rewrite Eq. (21) as
u,tt − c2u′′ = 1
2
[
c2[3(u′)2 + (u′)3]
]
′
, (23)
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FIG. 2. Frequency dispersion curves for a 1D homogeneous
elastic medium [14]. The finite-strain dispersion relation is
based on Eq. (29); the infinitesimal strain dispersion relation
is based on Eq. (30).
where c =
√
E/ρ. Differentiation of Eq. (23) with respect
to s gives
(u,tt)
′ − c2u(3) = 1
2
[
c2[3(u′)2 + (u′)3]
]
′′
. (24)
Defining u¯ = u′ and z = |κ|s+ωfint, where ωfin represents
the wave frequency under finite strain, Eq. (24) becomes
ω2finu¯,zz − c2κ2u¯,zz =
1
2
κ2
[
c2[3u¯2 + u¯3]
]
,zz
. (25)
Integrating Eq. (25) twice leads to
(ω2fin − c2κ2)u¯ −
c2κ2
2
[3u¯2 + u¯3] = 0, (26)
where the nonzero constants of integration (in the form of
polynomials in z) represent secular terms which we have
set equal to zero in light of our interest in the dispersion
relation. Selecting the positive root of Eq. (26) we get
u¯(z) =
−3 +√1 + 8ω2fin/c2κ2
2
. (27)
Since u¯ = u,s, we recognize that u¯ = |κ|u,z and there-
fore Eq. (27) represents a first-order ordinary differential
equation with z and u as the independent and dependent
variables, respectively.
Now we return to Eq. (23) and consider for initial con-
ditions a sinusoidal displacement field, with amplitude B
and a zero phase in time, and a zero velocity field. This
represents a fundamental harmonic signal for which we
seek to characterize its dispersive behavior. In principle,
any choice of the initial velocity field is permitted. Fol-
lowing the change of variables that has been introduced,
these initial conditions correspond to the following re-
strictions at z = 0 on the u¯(z) function given in Eq. (27):
u¯(0) = |κ|B, u¯,z(0) = 0. (28)
5These represent initial conditions in the wave phase, z,
for Eq. (25) and allow for the introduction of the wave
amplitude, B, into the formulation. Applying Eq. (28)
to Eq. (27) enables us to use the latter to solve for ωfin
for a given value of κ. This leads to the exact dispersion
relation,
ωfin(κ;B) =
√
2 + 3B|κ|+(Bκ)2
2
ω, (29)
where ω is the frequency based on infinitesimal strain,
ω(κ) = c|κ|. (30)
By taking the limit, limB→0 ωfin(κ;B), in Eq. (29) we
recover Eq. (30) which is the standard linear dispersion
relation for a 1D homogeneous elastic medium or a thin
rod [28].
For demonstration, six amplitude-dependent finite-
strain dispersion curves based on Eq. (29) are plotted
in Fig. 2. These curves describe the fundamental dis-
persive properties that emerge due to the incorporation
of finite strain. The curves demonstrate that nonlinear-
ity by itself causes wave dispersion in an elastic medium,
i.e., without the need for a linear dispersive mechanism.
From a physical point of view one may envision an initial
prescribed harmonic wave being set free at some point
in time. The dispersion relation of Eq. (29) describes
the frequency versus wave number relation for this wave
as it disperses in the presence of amplitude-dependent
finite strain. This concept was tested numerically and
validated in Ref. [14]. Superimposed in Fig. 2 is the
dispersion curve based on infinitesimal strain, i.e., Eq.
(30). It is noted that the deviation between a finite-
strain curve and the infinitesimal-strain curve increases
with wave number, and the effect of the wave amplitude
on this deviation is illustrated by an accumulative dou-
bling of the amplitude across the six finite-strain cases
shown.
III.2. Finite-strain waves in 1D phononic crystals
The TM method is now used to obtain a dispersion re-
lation for a 1D phononic crystal whose constituent mate-
rials are exhibiting finite-strain dispersion. The outcome
is an approximate overall dispersion relation since the
construction of the transfer matrix is based on a linear
strain-displacement relationship [see Eq. (5) and (6)].
While not exact, this approach provides a quantitative
prediction of the effects of nonlinearity on the location
and size of band gaps and the values of the group velocity
across the spectrum, all as a function of wave amplitude.
While the technique is not limited to small values of B/a,
its accuracy reduces as the strength of the nonlinearity
increases.
As presented in Section II, the TM method is applica-
ble in either the absence or presence of nonlinearity; the
distinction is made in the definition of κ(j) in Eq. (4).
For the linear problem, κ(j) = ω/c(j) as outlined earlier.
A similar relationship between the wave number and the
finite-strain wave frequency, ωfin, may be developed.
First we rewrite Eq. (29) explicitly for layer j,
ωfin = c
(j)κ(j)
√
2 + 3Bκ(j) + [Bκ(j)]2
2
, (31)
which may be cast as the following 4th order character-
istic equation:
[κ(j)]2(1 +Bκ(j))(2 +Bκ(j))− 2 ω
2
fin
[c(j)]2
= 0. (32)
Solving Eq. (32) gives
κ
(j)
1,2 =
1
12B
(
− 9 + P (j) ∓
√
Q(j) −R(j)
)
, (33a)
κ
(j)
3,4 = −
1
12B
(
9 + P (j) ±
√
Q(j) +R(j)
)
, (33b)
where
P (j)=
√
33c(j)A(j)+12(4[c(j)]2−24B2ω2fin+[A(j)]2)
c(j)A(j)
,(34a)
Q(j)=
66c(j)A(j)−48([c(j)]2 − 6B2ω2fin)−12[A(j)]2
c(j)A(j)
, (34b)
R(j)=
54
√
3c(j)A(j)√
11c
(j)
0 A
(j)+4(4[c(j)]2+[A(j)]2− 24B2ω2fin)
, (34c)
and
A(j)=
(
−99B2ω2finc(j)+8[c(j)]3
+3Bωfin
√
(1536B2+321[c(j)]2)B2ω4fin−48[c(j)]4
)1
3
. (34d)
Now we will use Eq. (33) and the TM method to obtain
an approximation of the finite-strain dispersion curves
of a 1D phononic crystal that has the same geometric
features as the periodic bi-material rod in Fig. 1 and
the following ratio of material properties: c(2)/c(1) = 2
and ρ(2)/ρ(1) = 3. We consider a bi-layered unit cell in
which d(2) = d(1). The results are shown in Fig. 3 for
a phononic crystal of size a = 1 (arbitrary units) and
a value of wave amplitude of B/a = 0.125. Superim-
posed, for comparison, are the dispersion curves on the
basis of infinitesimal strain and the corresponding dis-
persion curves for an equivalent statically homogenized
medium for which the speed of sound is c (obtained by
the standard rule of mixtures). We observe in the fig-
ure that the finite-strain dispersion curves asymptotically
converge to the infinitesimal and homogenized curves at
long wavelengths as expected. We also note that the
finite strain causes the dispersion branches to rise and
the band-gap sizes to increase significantly−an attrac-
tive trait for many applications involving sound and vi-
bration control. This behavior, however, is dependent on
the type of nonlinearity considered.
The influence of the nonlinearity on the frequency-wave
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FIG. 3. Frequency band structure for a 1D phononic crystal under finite strain [obtained using Eq. (33)]. For comparison,
the dispersion curves under infinitesimal strain are included. Also, corresponding dispersion curves for a statically equivalent
1D homogeneous elastic medium are overlaid. The nonlinearity-induced shifting of the dispersion curves is marked at two
frequencies. Points PL and PNL are at frequency ω/c
(1) = 2 and lie on the first infinitesimal-strain and the first finite-strain
pass-band branch, respectively. Points SL and SNL are at frequency ω/c
(1) = 5 and lie on the first infinitesimal-strain and the
first finite-strain stop-band branch, respectively.
number relation naturally impacts the spectrum of group
velocities, defined as
cg =
∂ωfin(κ;B)
∂κ
. (35)
In Fig. 4, we show the amplitude-dependent relation-
ship between the frequency and the group velocity and
between the group velocity and the wave number. The
unfolded frequency band structure is also included for
correlation. Most noticeable in this figure is the signif-
icant rise in the group velocity with amplitude. A sim-
ilar rise takes effect for the phase velocity as well (not
shown), indicating that with finite strain, the medium’s
permissible wave speeds are supersonic with respect to
the nominal speeds under linear, infinitesimal strain. We
also note that the homogenized medium’s group veloc-
ity curves under finite strain are linear and exceed the
maximum group velocity values for the corresponding
phononic crystal; whereas, in contrast, the maximum
group velocity in the infinitesimal-strain problem over-
laps with the corresponding homogenized medium’s hor-
izontal group velocity line. This disparity may be a man-
ifestation of the linear approximation inherent in the TM
method. Thus the minimum distance between the maxi-
mum group velocity of a phononic crystal and the corre-
sponding homogenized medium’s group velocity line may
be viewed as a measure of accuracy for a given value of
wave amplitude B/a.
In Fig. 5, we show three time snap shots of Bloch
mode shapes corresponding to the pair of isofrequency
pass-band points (top row) and the pair of isofrequency
stop-band points (bottom row) marked in Fig. 3. The
increase in the wavelength due to the nonlinearity at a
given frequency, e.g., by comparing point PNL to PL, is
observed in Fig. 5 in the form of a slight stretching of the
waveform. The effect of the nonlinearity on the group ve-
locity, as indicated in Fig. 4, is less obvious in the mode
shape diagrams. The effect of the nonlinearity on stop-
band stationery waves is shown to be a strengthening of
the spatial attenuation, as predicted from Fig. 3 at the
selected frequency.
In the literature, a common view is that nonlinearity
of the type considered in this study tends to steepen, and
subsequently narrow, a wave because large-amplitude
constituent waves are able to catch up with slower low-
amplitude ones; and, in contrast, dispersion causes a
wave to widen its profile spatially because different con-
stituent waves travel at different speeds [29]. Here, we
view this problem from a different perspective. We con-
sider the effect of the periodicity in altering the dispersion
(which is a linear mechanism) and, in parallel, the effect
of nonlinearity on also altering the dispersion. In Fig. 6,
we reproduce the results displayed in Fig. 3 with a focus
on the first Brillouin zone and with the addition of curves
corresponding to a wave amplitude of B/a = 0.25. The
figure illustrates the two effects when taking place sepa-
rately or in combination. In the structure considered, we
observe that an amplitude of B/a = 0.125 allows the two
effects to be practically in balance up to approximately
κ = 5π/8, which roughly corresponds to a wavelength as
small as three times the unit cell size−such condition, in
principle, may bring rise to a solitary-type wave.
IV. CONCLUSIONS
We have theoretically derived a wave number versus
frequency finite-strain dispersion relation for Bloch wave
propagation in a 1D phononic crystal (layered periodic
elastic medium). The effect of finite strain has been in-
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FIG. 4. Effect of nonlinearity on group velocity for the 1D phononic crystal and the statically equivalent 1D homogeneous
elastic medium considered in Fig. 3. (a) unfolded frequency band structure, (b) frequency versus group velocity, (c) group
velocity versus wave number. The nonlinearity-induced shifting of the dispersion curves at frequency ω/c(1) = 2 is noted.
corporated exactly at the individual homogeneous layer
level. Subsequently, the TM method has been applied
to the unit cell to analytically provide an approximate
dispersion relation for the periodic medium. Due to the
assumption of a linear strain-displacement gradient re-
lation in the TM method, this approach becomes less
accurate as the strength of the nonlinearity increases.
The results provide a quantitative prediction of the
changes in the dispersion curves when periodicity and fi-
nite strain are introduced separately or in combination.
In particular, we have shown that the wave amplitude
could be chosen to create an approximate balance be-
tween the two effects up to a certain wave number, as
illustrated in Fig. 6.
The dynamic behavior revealed by Eqs. (29) and (33) is
based on our underlying assumption of Green-Lagrange
strain at the homogeneous layer level. Other strain mea-
sures could in principle lead to qualitatively different dis-
persion behavior, and thus it is necessary for future work
to examine the problem experimentally to determine the
most appropriate strain measure guided by the theory
presented in this paper.
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